A lattice of traps for ultracold neutral atoms is a promising tool for experimental investigation in quantum physics and quantum information processing. We consider regular arrays of thin film type-II superconducting nanodisks, with only one pinned vortex in each of them, and also arrays of mesoscopic disks, each containing many vortices whose distribution is characterized by the superconducting current density. In both cases we show theoretically that the induced magnetic field can create a 3D lattice of magnetic traps for cold atoms without any additional bias field. Applying a bias DC field parallel to the superconductor surface, one can control the depth and sizes of the traps, their heights above the chip surface, potential barriers between the traps, as well as the structure and dimension of the lattices.
Introduction
A lattice structure which allows one to trap and manipulate ultracold atoms is a tool for building quantum simulators for the Hubbard models and creating the Bose-Einstein condensates. These structures are used in experiments in quantum optics, quantum information processing, atomic and molecular physics (see e.g. [1] [2] [3] [4] [5] and the references therein). Most often the optical lattices of atom traps are employed [1, 2, [6] [7] [8] . Magnetic lattices, the periodic arrays of magnetic potential minima created by permanent magnetic microstructures [7, [9] [10] [11] [12] [13] or current-carrying wires [14] and bias fields, provide a potentially powerful alternative. Magnetic radio-frequency (RF) field was used to create RF dressed state potentials for neutral atoms causing coherent splitting of a Bose-Einnstein condensate in a magnetic trap [15] . A disadvantage of magnetic traps is that, at a distance of 1 μm or less from a metallic surface, magnetic fluctuations cause significant loss of trapped atoms [16] . Replacing the normal metal by a superconductor increases the atom lifetime in a magnetic trap [17] [18] [19] [20] [21] . Atom traps on superconducting wires have been realized in [16, [22] [23] [24] [25] [26] [27] [28] [29] [30] . Additionally, the technical noise can be decreased by employing the superconducting chips with a persistent current or trapped magnetic flux in the mixed state, where magnetic flux penetrates the type-II superconductor in the form of a vortex lattice [20, [31] [32] [33] [34] [35] [36] . Superconducting chips were used to build a guided atom interferometer [28] and to measure the quantized magnetic flux in a superconducting ring [37] .
Theoretically, properties of magnetic atom traps over superconducting chips (both in the Meissner and the mixed states) have been investigated in [38] [39] [40] [41] [42] [43] ; in particular, splitting and merging traps by varying the bias field [34, 35] were simulated in [40, 44] . In these theoretical and experimental works the characteristic sizes of the superconducting chips in the mixed state were much larger than the average vortex separation. While the typical sizes of superconducting wires and of the atom cloud were from tens to hundreds of μm, a vortex diameter, determined by the London penetration depth λ, is of the order of 100 nm. The magnetic fields were, therefore, determined by the vortex density and not by the individual vortices (the mesoscopic approximation).
A trap for cold atoms created by the magnetic field of a single vortex, pinned in a superconducting nanodisk, and an external bias field parallel to the disk surface, was theoretically analyzed in [44] . The size of the trap and its height above the superconductor surface are typically tens or hundreds of nanometers. In the first approximation (without taking into account the response of a superconducting film to the magn etic field applied perpendicularly to the surface) a magnetic lattice for ultracold atoms induced by a nanoengineered vortex array in a thin-film type-II superconductor was analyzed in [45] .
In this work we consider lattices of magnetic ultracold atom traps created by the magnetic field of vortices pinned in an array of thin type II superconducting meso-or nanodisks. These lattices are created due to the symmetry of the magnetic field induced by the disks and the unique ability of a superconductor in the mixed state to trap magnetic flux as a vortex set. This set can be represented by a system of circular current loops in a disk. To illustrate formation of a trap let us consider a pair of current loops (figure 1). By symmetry, the x-and y-components of the magnetic field induced by the loop currents cancel each other on the A-B line. There is a point on this line where the z-component of this field also vanishes. The magnitude of magnetic field increases with the distance form this point. This point can be regarded as a center of magnetic trap for ultra-cold neutral atoms in a low field seeking state. Similar arguments can be employed to explain the formation of a magnetic trap lattice above a regular array of superconducting disks. Trap lattices on a square array of disks are considered in section 2. Applying a bias field parallel to the superconducting film surface one can change trap sizes, their depth, height and number as well as the trap lattice dimension; it is also possible to merge several traps into one and split it back into several traps (section 3). We consider also trap lattices over a linear array of disks (section 4) and discuss our results in section 5.
Trap lattice on superconducting disks without bias field
We consider two kinds of thin type-II superconducting disks: first, the mesoscopic disks in which many vortices are pinned and, second, the nanodisks pinning a single vortex. In the first case the magnetic field is created by currents in an array of disks; these currents correspond to the distribution of vortices in the superconductors and are computed using the Bean critical state model [43, 46] . In the second case the magnetic field is induced by single vortices trapped in each disk; these currents can be found by solving the modified London equations [44] . The disks are prepared from a thin superconducting film deposited on normal material substrate; it is assumed that the film thickness a is much less than the disk radius R. Hence, it is possible to replace the bulk current density by its int egral across the film thickness and use the sheet current density J, see [47] . We note that an external magnetic field applied parallel to the film surface does not change the sheet current density.
The r-and z-components, B r and B z , of the magnetic field of a single disk are a superposition of the fields created by circular current loops; in the dimensionless form and J n , respectively, where J n is differently defined for meso-and nanodisks (see below) and μ 0 is the magnetic permeability of vacuum. The difference between the meso-and nanodisk cases is in the distribution of sheet current densities.
In the mesoscopic case a frozen (trapped) magnetic flux in a thin type-II superconducting disk can be induced by a pulse of orthogonal to the film uniform magnetic field [46] . In a single disk only the azimuthal component J of the sheet current density is nonzero. Neglecting the lower critical field one obtains for the zero-field-cooled disk in a perpendicular increasing magnetic field B a (see [48] )
where / ( ) = b B 1 cosh 2 a and we set = J J n c , the critical sheet current density assumed independent of the magnetic field. If the applied field first increases from zero to B m and then decreases to B a (B m > 0, │B a │ < B m ) the current density is (see [46, 48] )
Magnetization of a mesoscopic disk by a pulse of the magnetic field perpendicular to its surface, 0 → B m → 0, results in a changing sign sheet current density in the disk. However, if B m ≫ 1 the sheet current density J equals 1 almost in the whole disk. Thus, for = B 5 m we find from (4) that = J 1 for > r 0.0135).
For a nanodisk we additionally assume that its thickness is much less than the London penetration depth λ and the single vortex is in the disk center. To fix the vortex in this position, artificial defects, e.g. a hole or a nano-engineered antidote [15] , can be introduced. For the Ginzburg-Landau parameter / κ λ ξ = 1, where ξ is the coherence length, the core of a vortex is narrow (its radius is close to ξ) and can be neglected. The current density should satisfy the modified London equations [49] [50] [51] 
where the normalizing current density is chosen as If the disks in the array are sufficiently far from each other, i.e. the distance between the disk centers is larger than R 3 (see figure 2) , the disk currents are almost independent of each other and can be computed using equations (3)- (5) . The magnetic field, creating the cold atom traps, is the superposition of fields induced by these currents. In the adiabatic approximation the atom cloud shape can be represented by the shape of a closed iso-surface of the magnetic field magnitude B chosen in accordance with the atom cloud temperature.
Let us consider a regular square disk lattice with the centers
is the minimal distance between the disk centers and m, n = N −1,…, −1,0,1,…,N. For the central part of a large lattice the boundary effects can be neglected and, due to symmetry, the x-and y-components of the total magnetic field are zero along the parallel to z-axis lines crossing the xy-plane in the points
1 . The points on these lines, where the z-component of the total field is zero too, are regarded as the trap centers.
Results of a simulation of the atom trap lattice (central part) based on a 10 × 10 array of mesoscopic disks with = d 1.5 (figure 3) show a two-level lattice of traps presented by closed iso-surfaces of B . The trap centers, where = B 0, are at the heights = z 2.13 for the larger traps and = z 1.51 for the smaller ones; the potential barrier between the traps of the different layers (the trap depth) is about 0.0023 (figure 3(e)). The potential barriers between the traps of the same layer are higher: these barriers are about 0.0028 and 0.007 for the larger and smaller traps, respectively. An iso-surface corresponding to a higher atom temperature (higher B value) forms a connected 3D structure (figures 3(b) and (e)).
The trap heights and depths depend on the size of the disk lattice. Thus, the heights of the larger traps are 2.13 for 10 × 10 mesoscopic disks, 2.67 for 30 × 30 ones and 3.27 for 100 × 100 disks; the x-and y-coordinates of the trap centers remain practically the same. This can be explained by the fact that the contribution of a faraway disk to the z-component of the total magnetic field is proportional to /r 1 3 and such contributions are of the same sign. On the other hand, the radial component contributions decay as /r 1 4 and can cancel each other. We note that the trap depth decreases as /N 1 , which can limit the possible number of disks and, therefore, the trap lattice size.
The simulation results obtained for a 10 × 10 nanodisk array with = d 1.5 (figure 4) are similar to those for the mesodisks ( figure 3(a) ). However, in the chosen dimensionless variables, the magnetic field induced by currents in nanodisks is about 1.6 times stronger than that induced by the currents in mesoscopic disks. Hence, although the contour plots of nanodisks are similar to the mesoscopic disk plots, the levels of B and potential barriers between nanotraps are 1.6 times higher. The trap heights are only slightly higher, = z 2.15 (larger traps) and = z 1.56 (smaller traps). The differences are caused by different current densities, ( ) ≈ J r 1 and ( ) / ≈ J r r 1 , in meso-and nanodisks, respectively. We note that, although in the latter case the current density is very strong near the disk center, the region ⩽ ε r 1 does not amplify the magnetic field much because, presenting the integrand in (1) as a power series in r 0 one can show that the contribution of this region is proportional to ε , the atom trap was realized in an experiment [33] ; such trap was analyzed theoretically in [42, 43] . After the second pulse the sheet current density in a mesoscopic disk acquires the form
shown in figure 5 . In the nanodisk case any change of the current density can be caused only by a change of the number of vortices in the disk [52, 53] ; we do not consider this situation here.
A lattice of mesodisks with current (6) creates three levels of atom traps presented, as above, by closed iso-surfaces of magnetic field magnitude; this configuration is complicated and we show a scheme of the trap lattice (figure 6). Note that the second pulse not only changes traps formed by the first pulse (their height does not change much but the depth becomes twice smaller) but creates also new traps placed above the disk centers (black ellipsoids in figure 6 ). The new traps are about 40 times deeper than the traps considered above and are similar to traps created by a single disk (see figure 7 ).
Trap lattice with a bias field
We now consider the traps created by the field of the disk currents supplemented by a parallel to disks bias field. Also in this case the results for meso-and nanodisk lattices are qualitatively similar and the magnitude of magnetic field created by nanodisks is about 1.6 times stronger. Therefore, here we present our results only for the same mesoscopic disk lattice magnetized by a strong pulse of magnetic field ( ) = J 1 . Applying a bias field we can change the form and position of atom traps; merger of traps is also possible. Pairs of traps merge, e.g. for the bias field , see figure 9 ; the depth and height of these traps are, respectively, 0.0053 and 1.65. Turning on and off the bias field we can change the dimension of the trap lattice from 3D to 2D and back.
A chain of nanodisks
A chain of superconducting disks with or without a bias field can be also used to create magnetic trap lattices. Let us consider an array of nanodisks pinning a single vortex in their 
Discussion
Our theoretical study suggests that lattices of magnetic traps for cold atoms can be created above a regular array of superconducting disks. These traps can be manipulated by applying a bias field parallel to the disk surfaces. Although we considered only the square and linear disk arrays, traps can be also created above other forms of disk arrays (rhombic, triangular, etc.); the disks can be replaced by the circular superconducting wires or thin film rings with an induced persistent cur rent. Presented simulation results show that, qualitatively, the traps above the nano-and mesoscopic disk lattices are similar. In the chosen dimensionless variables the depth and gradient are about 1.6 times larger for the nanodisk based traps.
The magnetic field gradient at the trap center and the depth B dep of the trapping potential are commonly used to characterize the confinement of cold atoms in a magnetic trap. To ensure atom trapping stability it is desirable that
and also the magnetic field gradient should be strong enough to protect the atoms from the gravity pull. Here B is the nonscaled (dimensional) magnetic field, µ is the atom magnetic moment, k B is the Boltzmann constant, T is the atom cloud temperature. For the most often employed in experiments 87 Rb atoms in the = = F m 2, 2 F state, the trap depth at the atom gas temperature 1 μK should be not less than 0.07 G and the field gradient should be at least 15 G cm −1 [39] (here F is the total atom spin and m F is its projection on the local field). Let us analyze under which conditions these stability criteria are satisfied for the trap lattices considered in our work.
Since we assumed a great number of vortices, N v , are pinned in each mesoscopic disk, the disk cannot be arbitrary small. This number can be estimated as For = J 1 we found numerically, using (1) , that the integral on the right is 0.18. Hence, to pin N v vortices, the disk radius should not be less than
The critical sheet current density J c of the superconducting film depends on the superconductor material, substrate, temper ature, fabrication technology, etc.; see, e.g. [54] [55] [56] . In atom trap experiments, the niobium (Nb) [ 4 A m −1 (YBCO thin film with thickness of 300 nm at 77 K), the minimal radius of a mesoscopic disk is about 6 μm. For other materials or/and a lower chip temperature the disk may be smaller. Thus, for J c = 30 × 10 4 A m −1 the minimal radius is estimated as 1 μm. It is easy to see that the depth of a trap does not depend on the disk radius and is proportional to µ J 0 c ; the gradient of magnetic field is scaled as / µ J R 0 c . The characteristic dimensionless trap depth in figures 3, 4, 7-9 can be taken as 0.002; this means that, depending on the superconductor material and chip temperature (table 1), the depth can vary from 0.3 G to 7.6 G. According to stability criterion (7), this is sufficient to trap atoms at temperature of 4 μK (for the trap depth 0.3 G) and up to 100 μK (for 7.6 G). Furthermore, the magnetic field gradient in these traps is, approximately, 0.002 × 140 G/6 μm = 470 G cm −1 or more, which is much higher than the required 15 G cm . The field gradient requirement limits the disk radius from above.
The radius of a nanodisk should be of the order of the London penetration depth λ. This depth for the type-II superconductors depends on superconductor film material, production technology, temperature, etc. For example, for Nb 3 Sn λ is estimated as 65 nm, for MgB 2 it is about 110 nm [61] and about 200 nm for YBCO films [57] at the superconductor operation temperature. Hence, the typical radius of a nanodisk should be of the order of 100 nm. Modern technology allows production of superconducting thin film structures with characteristic size of ~25 nm [62] . In the nanodisk case the magnetic field is normalized by
2 and, contrary to the case of mesodisks, the magnetic fields and the trap depth are inversely proportional to the disk radius. For R = λ = 100 nm and the film thickness a = 0.3 R, the value of µ J n 0 is estimated as 100 G; then the trap depth (see figure 3) is of the order of µ J 0.003 n 0 =0.3 G and the magnetic field gradient is about
, which meets the stability requirements for the potential barrier.
The maximal dimensionless bias magnetic field in the examples above is 0.02. For nanodisks this corresponds to 2 G. In the mesoscopic disk case the maximal bias field µ J 0.02 0 c is also much less than the lower critical field (see table 1 ). Hence, application of such a field parallel to the disk surface cannot lead to appearance of new vortices or influence the current density.
Although we showed, assuming the adiabatic approximation, that the trap lattices above a superconducting disk array can be realized, the atom cloud lifetime is limited by such factors as the Majoran instability and Johnson thermal magnetic noise. The detailed analysis of these processes is beyond the scope of our work; we will use the published results and estimates to evaluate these harmful influences.
First, in the center of all traps considered above the magnetic field is zero. This negatively influences on the lifetime of atoms in a trap because of the spontaneous spin flips (the Majorana instability) occurring if B~0 [63] . The Majorana instability of trapped atoms has been studied for nanotraps [44, 45] and for mesoscopic traps (see e.g. [63] [64] [65] ). To decrease the instability in the case of a trap on wires carrying a transport current, it is possible to apply an additional DC field parallel to the wires [14, 64] . Applying such a field to the trap lattices considered in our work changes the form, height, and depth of the traps and can vary the trap lattice dimension, but cannot increase the magnetic field in the trap center. The atom lifetime in a trap upon the mesoscopic disks can be estimated using the experimental data as follows. At the cloud temperature 120 μK the lifetime of ~10 s was achieved in a quadrupole trap on the mesoscopic superconducting disk [33] . The characteristic trap size in this work was about 0.15 mm. Since the lifetime of a cloud in a quadrupole trap is proportional to the squared trap size [63] , for the 6 μm traps on mesodisks considered in our work the time can be estimated as 10 ms.
Assuming quantum adiabatic approximation and applying Fermi's rule, the average lifetime of 87 Rb atoms (in the ground state and subjected to thermal escape and Majorana spin flips) was estimated to be in the range 0.05-1.0 ms for a 100 nm nanotrap [44] . The semiclassical estimate presented in the same work yields a similar range, 0.05-3.5 ms.
Applying a radio-frequency field can significantly increase the atom lifetime [45, 63] . This method allows one to achieve a 20 time longer lifetime of a micrometer-size cloud [63] . The results [45] also indicate that the radio-frequency field can increase the atom lifetime in a nano-trap up to 0.15 s. Similar results can be expected for the trap lattices considered in our work.
The heights of nano-traps are of the order of 100 nm; at such trap distances from the surface of a conventional conductor the Casimir-Polder force and the Johnson thermal magnetic noise exceed all other harmful influences on atom cloud and dominantly limit its lifetime (as long as technical noise is kept to a minimum) [39, 64] . Replacement of usual conductors by superconductors significantly decreases this noise and, according to the theoretical estimates [17, 19] , the lifetime of atoms trapped near a superconducting layer in the Meissner state can be at least six orders of magnitude longer. Analysis [18] suggests that in this case, even at the trap height of 1 μm above a superconducting layer, the cloud lifetime is limited mainly by environmental noises and may reach 5000 s, while the lifetime of an atom cloud at such a distance from a normal metal current-carrying layer would not exceed 0.1 s. Other advantages of superconductors are zero heat generation and the ability to create magnetic fields due to trapped magnetic flux or a persistent current; the latter enables one to eliminate the current supply fluctuations and increases the lifetime. An estimated lifetime of 10 min in a magnetic trap 300 μm above an atom chip based on a niobium strip covered by a gold layer was reported in [16] . Yet the experimental data [20, 21] for superconducting chips with the trap height of 30 μm show an enhancement of the lifetime of only one order of magnitude, indicating that additional noises reduce the lifetime. One may expect the atom cloud lifetime in nanotraps to be limited by other mechanisms rather than the thermal magnetic noise.
Becoming prominent for small atom-surface distances is the Casimir-Polder force F CP which decreases the magnetic barrier and allows atoms to tunnel to the surface, as was already observed in [66] . In our case a superconducting disk array is deposited on a dielectric substrate and to estimate the CasimirPolder force we consider two limiting cases: atoms above a superconductor and atoms above a dielectric substrate. In both cases the distance between the trap center and surface, z t , is in the range from 0.13 μm to 0.22 μm (see figures 3, 4, 7-10) . In this range the Casimir-Polder potential can be approximated as [22, 23, 25-27, 29, 57-60] . for a superconductor [67] and
for a dielectric surface [66, 68] (here µ s is the projection of the atom magnetic moment µ on the superconductor surface which can be estimated as µ µ = F B , where µ B is the Bohr magneton). Our estimation using (9) showed that the CasimirPolder force is much less than the magnetic force in the trap, [68] . Let us estimate the ratio of the CasimirPolder force from a dielectric substrate to the magnetic force in the trap lattice presented in figure 4 : for both traps (to take the superconductor layer thickness into account we slightly increased the trap height above the dielectric surface). Our calculation showed that this ratio is, approximately, 0.14 and 0.078 for the smaller and larger traps, respectively. Hence, the Casimir-Polder force is significantly weaker than the magnetic forces and the Casimir-Polder interaction decreases the potential barrier by about 10%. It is worth to note that these values are upper estimates: proximity of the superconducting disks can decrease the Casimir-Polder interaction and it is also predicted that, at low distances from a dielectric surface, the force can be several times less than the estimate (10) (see figure 3 in [68] ). In the experiments with normal-metal-based magnetic traps for cold atoms above a dielectric surface the Casimir-Polder force limits the atom-surface distance to ~1 μm; see e.g. [66] . In our smaller traps (figure 4) the magnetic field gradient is about ⋅ , while for the data presented in [66] this gradient can be estimated as < − 100 G cm 1 at the atom-surface distance of ~1 μm and decreases closer to the surface. The larger magnetic field gradient in nanotraps allows one to overcome the Casimir-Polder force closer to the surface.
The estimation above was done for the central part of the trap lattice. Limited size of the disk array causes a non-uniformity of magnetic traps in the lattice. Let us compare the characteristics of the most different traps created by the 10 × 10 nanodisk array: a central trap and a corner one. Our calculation predicts that the depth of a smaller corner trap is ~1.5 times higher and its radius is twice smaller than those of the central trap. However, the corner trap height is 1.4, i.e. by about 0.3 smaller. Hence, for the corner trap, the ratio of the Casimir-Polder and magnetic forces is approximately the same as for the central trap.
We expect that the lifetime of atoms in both meso-and nanotraps is mainly determined by the Majorana instability and does not exceed 10 ms; applying a radio-frequency field can significantly increase the atom lifetime, up to the order of 0.1 s.
At a low temperature, less than ≈ 200 nK for 87 Rb in the
state [69] , the Bose-Einstein condensate is created and three-body recombination plays a crucial role in atom loss (see e.g. [69, 70] and the references therein). The rate of the atom loss is mainly determined by the squared atomic density and, in an experiment with the macroscopic magnetic trap [69] , atomic density in the condensate decreased at ≈ 75 nK from × − 2 10 cm 14 3 to × − 7 10 cm 13 3 in 16 s. Therefore, the characteristic lifetime for a macroscopic trap lattice can be estimated as of the order of 10 s. To estimate the time for a nanotrap lattice, the tunneling and surface proximity effects should be also taken into account. According to experimental results [71] , the lifetime in optical lattices can be several times smaller than in magnetic traps. Using this result and taking into account that the optical trap sizes are ~500 nm, i.e. of the same order as the size of considered nanotraps, we expect the Bose-Einstein condensate lifetime of few seconds in the nanotrap lattices; obviously, these questions need further investigation.
Development of the atom loading procedure is a nontrivial problem which is out of the scope of this work; we suppose, however, that some of the existing techniques can be used also in the case of trap lattices considered above. The loading procedures have been developed for magnetic traps (without any bias field) on a single superconducting disk and a single square in [33] and [34] , respectively. The characteristic chip size in these works was 1 mm. Since a 10 × 10 array of mesodisks with the radius of 10 μm occupies only about 0.4 mm × 0.4 mm square, the same technique can possibly be employed to load atoms into the lattices of traps.
Application of a bias field to a trap lattice above a linear disk chain leads to appearance of a long trap (figure 10(e)) similar to traps created by a long wire current and a bias field [64] . Hence, the atoms can be first loaded into this long trap using the loading technique [64] . Then, changing the bias field, it should be possible to split this long trap into a linear lattice of traps (see figure 10) .
The proposed atom trap lattices possess several advantages in comparison with optic lattices [1, 2, [6] [7] [8] , trap lattices based on RF dressed state potentials [15] , magnetic lattices created by permanent magnetic microstructures [7, [9] [10] [11] [12] [13] or currentcarrying wires [14] . The main advantages are: the possibility to create trap lattices without any external field and transport current; reduced technical noise and absence of the conductor heating; achievable trap height of the order of 100 nm allows one to study the atom-surface interactions at distances which are very difficult to achieve using the usual traps; employment of superconductors decreases the Johnson noise and increases the atom lifetime. In addition, merging and splitting the atom traps, as well as changing the trap lattice dimension, can be relatively easy realized by varying the bias field. Finally, replacing a superconducting chip by another one enables one to vary the trap lattice configuration keeping the same set-up and loading procedure.
Summarizing, 3D lattices of cold atom traps can be created without any bias field using an array of superconducting meso-or nanodisks. Varying the bias field, one can control the characteristics of traps, merge several traps into one trap and then split it again into several traps and even change the trap lattice dimension. The trap sizes, heights and the distances between the neighboring traps are, typically, hundreds nanometers for nanodisks and of the order of 1 μm for mesoscopic disks. Such lattices can be used for experimental investigation of coherence and decoherence of atom clouds, tunneling of cold atoms, including atoms in the Bose-Einstein condensate state.
